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An operational semantics for bounded nondeterminism equivalent to a denota-

tional one *)

oy

R. Kuiper

ABSTRACT

Dyadic nondeterministic choice is added to the programming language
vith recursive procedures as used in de Bakker's monograph on program correct-

1ess [5]. This leads to considerable changes in the operational semantics. The
ossible result of the execution of a program is no more given as a single

itate, but as a set of possible states. Furthermore, the execution of a pro-
;ram is no more given as a computation sequence but as a set of possible
omputation sequences with tree-like properties.

We present a "natural" operational semantics 0 defined by means of a
‘unction Comp, where Comp yields for each program R and each state ¢ a set
f computation sequences, characterized by equations in the style of COOK
.7]. For this set of equations we prove, in a topological setting, the
:xistence of a unique solution and the equivalence of the operational seman-

:ics to the usual denotational one, defined by fixed point techniques.

EY WORDS & PHRASES: Operational semantics, denotational semanties, bounded

nondeterminism

) This report will be submitted for publication elsewhere.







). INTRODUCTION

The subject of this paper is to investigate the effects of adding bound-
:d nondeterministic choice to a.simple language with recursive procedures on
‘he definition and properties of the operational semantics

The motivation to introduce an operational semantics 1S the IoLlowing
1sual one. A method for proving program correctness is to abstract to a more
1athematical level by defining a denotational semantics and to give a proof
system on that level. A way to justify this abstraction is to define an oper-
itional semantics such that on the one hand it is intuitively close to the
ictual program execution and on the other hand can be proved to be equivalent
‘0 the denotational semantics. We provide a "natural" operational semantics;
-ts justification and the proof of its equivalence to a denotational one are
‘he main aims of this paper.

The reasons to add dyadic nondeterministic choice - as will be seen
-ater, extension to finite choice introduces no extra problems - are twofold.
'irstly, in practice nondeterministic choice enters the scene directly, cf.
JIJKSTRA's guarded command [9], as well as indirectly, cf. parallellism
nd concurrency [12], where one process is selected to proceed, or one
ommunication is selected to be executed. Secondly, in theory nondeter-—
iinistic choice is a fairly easy setting in which tree-like structures
.ppear instead of computation sequences as when dealing with deterministic
iequential programs. This phenomenon also occurs as soon as parallel pro-
;ramming and concurrent processes are concerned and introduces considerable
hanges in the theoretical treatment. Contrary to the deterministic case,
ustification of the defined operational semantics in view of existence and
miqueness of the described function is not a clear case, and thus grew into
. next-important aim in itself.

The framework we use is that developed in DE BAKKER's monograph on
rogram correctness [5], especially chapters 5 and 7. The (ultra)metric
istances defined between sets, and convergence with respect to such metrics
e use, are also extensively employed by NIVAT and ARNOLD ([13] and [21)
onsidering among other subjects, infinite trees and nondeterminism. In their
pproach, trees are essentially programs, whereas we use trees of states,

.e. traces of program executions. Furthermore, Arnold and Nivat obtain the




iet of all trees by completion of the set of all finite trees. We describe
. tree by the set of all paths in the tree; the set of all trees is the set
f all paths restricted in a suitable way (cf. Definition 9).

It appears that at three stages of the development we are forced to
ilake the same restriction on the set of sequences used. This restriction
mounts to require a tree-like property with respect to the occurrence of
nfinite branches.

This central tree-like property already was observed by R.-J. BACK in
3] treating unbounded nondeterminism.

The setup of the paper is as follows. After this introduction, in chap-
er 1 the syntax and some preliminary information are given. Chapter 2 starts
ith the definition of an operational semantics by means of the function
omp, which in turn is defined by a set of equations. The main result here is
he existence proof of a unique solution Comp of this set of equations. In
hapter 3 a denotational semantics is described concisely. Finally, in

hapter 4 we prove the equivalence of the operational semantics to the de-

otational one.
. SYNTAX AND PRELIMINARIES

Recursive procedures and finite nondeterministic choice are the key
haracteristics of the chosen language. Note, that subscripted variables
re not treated (i.e., no arrays are present). Including these would neces-
tate a more complicated framework and only obscure our intentions. A
traightforward extension is possible. The phrase "Let (ae)C be specified by
11= qr[xlala2 is to be understood as: All a or o, i € T in the sequel
re assumed to be elements of the set C; o is of the form qr or x or o, a
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here s o, are elements of C already.

We now define the sets of the syntactic entities we use.
Definition 1 Syntax
Let (xe) Ivar be the set of integer variables
Let (me) Icon be the set of constants

Let (Pe) Puvar be the set of procedure variables




Let (te) Texp be the set of integer expressions specified by

if b then t, else t, fi

o e

::=X!mit1+t

2 1 2
Let (be) Bexp be the set of boolean expressions specified by
b::=true]false|tl=t2 ...[1b[b13b2

Let (Se) Stat be the set of statements, specified by

2| if b then S, else S, filp
Let (Ee) Deck be the set of declarations, specified by
n ..
E::=<Pi<=Si>i=l, n=0, Piit‘Pj, I1<i<j<n

S:i=x:=t[S ;S,[|s vs

Let (Re) Prog be the set of programs, specified by
R::=<E|S>, for all P in S or Si’ i=1,...,n, there exists

j, 1<j<n such that PEPJ.;

lote, that bounded choice now can be obtained by applying (SIVSZ)VS3' The
nstances left open in Iexp and Bexp can be filled in with analogous
xpressions. Note that Prog is defined such, that all programs are closed,
-e. only these procedure variables occur in a program, for which the proce-
ure body is given in the declaration E.

The following definitions concern assigning meaning to syntactic ob-
ects, i.e. semantics. At this stage, there is no distinction between opera-
ional and denotational semantics. Meaning is assigned by way of functions,
efined by cases, from a syntactic domain to a domain of interpretation. To
nable us later to define the rest of the denotational semantics we design

he domains of interpretation as complete partial orders (cpo's).

EFINITION 2. (C,C) is a cpo iff
i) L is a partial order on C.
ii) there is an element L € C such that, for all c € C, L Cec

iii) each chain <ci>°i°=1 has a least upper bound U:= c; € C.

1

EFINITION 3. Domains of interpretation.

<
1l

IN, natural numbers

=
|

= {tt,ff}, truth values

™
Il

0 Tvarn -~ VO’ functions assigning meaning to variables




Let (oe) V
Let (Be) W

Let (ce) T

V0 U {iv}, cpo by al‘E a, iff ap =1 Ora =a

Wy U {LW}, cpo analogously

ZO u {1}, cpo analogously

JEFINITION 4. For C cpo, cl,cz,Lc € C

if B then c, else c, fi =

We now

j cs if B = tt
1 2 Cos if B = ff

1 if =
c’ B lw

define the meaning functions for integer and boolean expressions

thich yield, by cases, for each of the expressions and a state ¢ a value in

me of the domains of interpretation.

JEFINITION 5.

‘a)

b)

V: Texp
V(t) (1)
For o €
V(x) (o)
V(m) (o)

+ (I>V)

v

2o

o(x)

o where o is the integer denoted by m.

V(t,+e) (@) = V(£ (@) + V(ty) (o)

V (if b

W: Bexp
W(b) (L)

For o €

then t:1 else t2 fi) (o) = 1f W(b) (o) then V(tl) (o) else V(tz) (o) fi

> (Z-W)

1
w
2o

W(true) (o) = tt

W(false) (o)

ff

W(t,=t,) () = (V(£,) (@) = V(t,) (o))

W) () = Wb) (o)
W(b3b,) (@) = W(b)) (@) = W(b,) (o))




We end this chapter by introducing the notion variant of a state. The
ourpose of this is to be able to indicate the effect of executing a state-
nent, for instance an assignment statement x:=t by a change in the state.
lhe following definition enables us to change in a state ¢ the value o

1ssigns to a particular x.

JEFINITION 6.
1{a/x} =1

Oy if x

il
el

1
d{u/xl}(xz) =

o(xz), if x, # X,

!. THE OPERATIONAL SEMANTICS

The aim here is to define an operational semantics which is intuitively
:lose to the actual program execution.

In the deterministic case a well-known way to achieve this is by way
f a COOK semantics [7]. A function Comp yields for each program R and
rach state o a, possibly infinite, computation sequence of states,
'omp(R) (o) = <O 5055000, Intuitively, these states correspond to the states
| computer goes through when executing R, starting in o. The operational
ijemantics then is a function 0 which yields for each program R and each
itate o the state «(Comp(R) (o)), this being the last element of Comp(R) (o)
£ this sequence is finite and the special state L otherwise.

Now intuitively Comp should be defined by rules, stepwise generating
‘he computation sequences; a COOK semantics does so by cases, the cases be-

ng possible program forms. For example,
Comp(<E|S];SZ>)(0) = <G>ACOmp(<E|Sl>)(0)A

Comp(<E[S,>) (k (Comp(<E|S,>) (0))).




'he <o> is motivated as to indicate the operation of splitting up SI;SZ’

T as a means to make induction arguments later on go through.

Adding nondeterminism necessitates Comp to yield for each R and ¢ nc
he corresponding computation sequence, but the set of computation sequer
overing all possible alternatives depending on the different possible
hoices. We now define computation sequences and a set of rules to descri

omp.

EFINITION 7. Computation sequences

+ .

a) I = {<01”"’0i""’0n>|0i €, 1 <1i<mn, ne IN}
w .

Zw = {<01’°"’Ui"">Ioi € L, 1 e IN}

17 = {p,...} =5 v "

Note, that the empty sequence is excluded.

b) ~: I xI > I, concatenation, is defined by

<O, 5000450 > <0 cees0 > = <O, 540030 ,0 cees0 >
l’ ’m 9 ’n ]’ ’m!m ’n

m+1 +1°?

<Opsees,0 >7<0 £+> = <015...,0 ,0 >

m+l’’
<01,...>‘p = <0p5..0>

with the extension p“{pil iell} = {p*pil ie I}.

m+l’°°

c) k: I > % is defined by

last element of p, if p € Z+
k(p) = {

1, otherwise

with the extension: K({pil ieI}) = {K(pi)l ie I},

d) n, if p = <0],...,on>

length(R) = {

o, otherwise.

e) o'is initial segment of p (i.s.o.) iff p = p"p" or p = p'.
n the sequel, P(Zm) = {AIA c Zw}, the powerset of I .

EFINITION 8. Rules for generating computation sequences.
omp: Prog -~ (z>PEY)) by: For all R € Prog,

or 0 = 1, Comp(R) (L) = {<1>}, for o € 20




i)  Comp(<E|x:=t>)(0) = {<o{V(t) (o) /x}>}
ii)  Comp(<E[S,38,>) (0) = U{<o>"p"Comp(<E[S,>) (k(p)) lo e Comp(<E|S >) (c)}
iii) Comp(<ElSleZ>)(c) <o>"Comp(<E|S;>) (o) U <0>ACOmp(<El82>)(g)
'iv) Comp(<E| if b then S1 else 82 fi>) (o) =
= if W(b) (o) then <o>‘C0mp(<E]Sl>)(o) else <o>‘C0mp(<EISz>)(o) fi

v) Comp(<E|P>) (o) = <c>“Comp(<ElSj>)(o), where P = Pj’ Pj\c Sj in E.

ntuitively, these rules are sufficient to describe generating the set of
omputation sequences for given R and o. However the concept "generating"
s too fuzzy to be mathematically satisfying. A well-known way out of this
roblem is to regard this set of rules as a set of equations, for which Comp
hould be a solution. From now on we take this approach: Definition 8 is re-
arded as a set of equations. Now it is clear that then a proof is required
hat a solution Comp exists, and moreover that it is unique. For the deter-
iinistic case this id done in various ways by DE BRUIN in [6]. For the
ondeterministic case we now show that an extra equation is needed to ensure
niqueness. We then prove the existence of a unique solution Comp by extend-
ng the techniques of [6]. Then finally we define the operation semantics.
The following examples show, that in general, DEFINITION 8 regarded as
. set of equations does not ensure a solution to be unique and provide

ntuition as to which kind of extra equation might solve this deficiency.

XAMPLE 1. Comp(<P<«P|P>)(0). Intuitively, this should generate {<0,0,...>}.

owever, regarded as an equation, this program gives rise to
Comp(<E|P>) (o) = <o>"Comp(<E|P>) (o).

low both {<0,0,...>} and @ satisfy this equation, as Definition 7b implies
~@¢ = @, so uniqueness is violated. Both practice (the program will loop)
mnd theory (the rules generate <0,0,...>) suggest preference for the first

\1ternative.

The above example suggests the extra equation to be of the form

'lomp(R) () # @. However, the following example shows that a stronger require-

ient is needed.




iXAMPLE 2.
Comp (<Pex:=xVP | P>) (0)
ntuitively, this should generate {<0,0,0>,<0,0,0,0,0>,...,<0,0,...>} = C

‘espectively for x:=x chosen the first time possible, the second time, ...,

lever. However, regarded as an equation this program gives rise to

Comp(<E|P>) (o) = <o>"Comp(<E|x:=xVP>) (o)

<0>"<o>"Comp (<E|x:=x>) (¢) U <o>"<o>"Comp(<E|P>) (o)

{<0,0,0>} U <0,0>"Comp(<E|P>) (o)

ow both C and C\{<0,0,...>} satisfy this equation, so uniqueness of the
olution is violated. Both practice and theory indicate which one should be
referred. Considering practice, a cycle that halts or is repeated accord-
ng to nondeterministic choice potentially can be repeated any finite amount
f time, and also can be repeated forever. So this suggests preference for

he first alternative. Considering theory, for the obvious representation of

he set of computation sequences by trees, finite nondeterministic choice

ives rise to finitely branching trees. By Kénig's lemma then follows that a
ree containing infinitely many finite branches, i.e. fintie computation se-
lences, also contains an infinite one, so this also suggests preference for

1e first alternative.

The above examples suggest the entire equation to be of the form:
»mp(R) (0) € G, where G = {G ¢ P(Zw)] G # @, if <pi>;=] such that
L) for all i, p; € G
ii) for all i, Ch i.s.o. G
iii) sgp{length(pi)} = o
1en 3dp € G such that for all i, Pss i.s.o. p}

However, the following example shows that an even more subtle require-

:nt is needed.




iXAMPLE 3.
Comp(<P«=x:=1VvP| P>)(0)

‘ntuitively, this should generate {<o,0,0{1/x}>,<0,0,0,0,0{1/x}>,...,<0,0,..
...>} = C'. However, regarded as an equation, like in example 2,
*"\{<0,0,...>} is also possible. Again, the first alternative is to be pre-

‘erred.

This example suggests the following strengthening of the above chosen

requirement described by G.

JEFINITION 9.
f={0ePEM)|H#+0, if <o.>. |, p, € I, such that
1

(1) for all i, Bpi e H such that o4 i.s.o. cH

(i1) for all i, 0; 1.5.0. Pisl
(1ii) sup{length(pi)} =

chen 3p € H such that for all i, os i.s.o. p}

(EMARK. In the different setting of unbounded nondeterminism, this the

:losedness property to be found in [3].

We claim that the following extension of Definition 8 ensures the exis—

ence of a unique solution.

EFINITION 10. Comp: Prog -~ (Z-+H) is defined by the following set of equa-
ions:
a) The equations of Definition 8.

b) For all R ¢ Prog, o € I, Comp(R) (6) € H.

In DE BRUIN [6] for the deterministic case four methods to prove the
xistence of a unique solution are presented. We have chosen to adapt to our
ase the most topological one, as this seems the best one to extend to sets
f sequences. The idea is the following. Consider the set of functions

0g » (Z+H); the solution Comp we seek to find is, if it exists, an element
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of this set. Now as the left parts of the equations in part (a) of Defini-
tion 10 all contain only Comp(R) (o), a solution of this set of equations can
be interpreted as a fixed point of an endomorphic operator on Prog - (Z+H)
defined directly by these equations (cf. Definition 20). To ensure existence
of a unique fixed point, from topology it is known that it is sufficient
that firstly the space is complete metric, i.e. a space with a metric dis-
tance function defined on it such that every Cauchy sequence converges, and
secondly, that the operator is a contraction mapping, i.e. the distance be-
tween the image of any two points is less than or equal to the distance
>etween the original points multiplied by a fixed constant smaller than 1.

The operator as well as the elements of the domain are given: respec-
tively by the equations and by the type of Comp. Left to choose is the met-
ric. As usual, we choose the distance between two functions to be the supre-
num over the elements in the domain of the distance between the two images of
such an element. To do so, we first define a distance between computation
sequences, next between sets of them and finally between the functions. All
>f these will have to be complete metrics.

We start by considering computation sequences, i.e. £”. A natural dis-

tance is the following.

JEFINITION 11.

{p, if p = <01,...,0n> and j =2 n
ol3] =

<0],...,Gj>, otherwise

JEFINITION 12. Distance on &

2%, if k= suplj| o 03] = p,[31} <o

E(D],pz) = {

0, otherwise

)JEFINITION 13, For a Cauchy sequence <pi>z=] define the limit 1imi+m p; as

‘ollows. As <pi>:=1has the Cauchy property, Ve > 03N8V5,m > Ned(pz,pm) < g,

. = -k
'r, equivalently, Vk € DJBNRVK,m > de(pz,pm) <2,
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By Definition 12 this implies Vk ¢ RJENkVK,m > Nkka[k] = pz[k] = pm[k].
low define 11mi+w o; by (llmi+w pi)[k] = ka[k].

EMMA 1. (3, d) 45 a complete metric space.

>ROOF. d evidently is a metric. d is complete iff every Cauchy sequence

(e}
ronverges. Clearly, every Cauchy sequence <p;>;_ comverges to limiém p.. U

Next, we proceed to sets of computation sequences. Note, that defining
‘he distance d enables us to give a much easier definition of H.
EMMA 2. H = {H ¢ P(z) !H # @, for each Cauchy sequence <pi>°i°= in H,

Am, 0y € H}.

1

'ROOF. Evident by Definitions 9, 12 and 13. 0

\EMARK .

1) Here the topological approach allows an easier solution of the problem
than the cpo approach, where it is more difficult to handle cases like

example 3 as may be seen by the difference between the two definitions
of H.

'2) For I with the topology J(d) induced by 3, H can be defined by
H=1{HePE)|H#+E, H closed in J(d)}.

A natural distance on H is defined as follows.

JEFINITION 14,

H[31 = {o[j1 |0 € H}.

IFINITION 15, Distance on H.

2", if k = sup{j |H1[j] = H,[jl]} < =

0, otherwise.




JEFINITION 16. For a Cauchy sequence <Hi>°i°= define the limit lim. _ H, as

1 150 1

‘ollows. As <Hi>°i°=l has the Cauchy property, Ve > OBNEVK,m > NEE(H ,Hm) < g,

'r,. equivalently, Vk ¢ INENkVZ,m > Nka(H ,Hm) < Z—k. By Definition 15 this

mplies Vk ¢ INENkVZ,m > NkHNk[k] = Hk[k] = Hm[k], Now define }iﬂ Hi
s follows (using Lemma 2).

}1m Hi = kgl {p € HN [k][ P = <Oyse.250 >, n < k}
150 k

u {1lim p ]'<p'>m; Cauchy sequence, p, ¢ H.-[k]}
o P P S e

EMMA 3. (H,d) Zs a complete metric space.

ROOF. The first requirement to be a metric space is a(Hl,Hz) =0 <= Hl =H

et E(HI,HZ) =0, p € Hl' If p € Z+, then 3 p=p[j] = p[j+1]. As E(HI,HZ) =
» p =pL3] = p[j+1] € Hz[j+l]. Consequently, p € H2. If p ¢ £“, then either

€ H, or p[i] e H,[i], i = 1,2,... . In the latter case, there exist
)

i€ Hy, i=1,2,..., such that p[i] = p'[i], i = 1,2,... . Now clearly

i
. ' oo - . L3 L3 3 - ' =
‘pi)i=l 1s a Cauchy sequence in HZ’ and by Definition 13 11mi Py P
jonsequently, (by Lemma) p € Hz. Conversely let Hl = H2. Then Vj Hl[j] =

[z[j], so d(H],HZ) = 0. The other requirements of being a metric space are

widently fulfilled. d is complete iff every Cauchy sequence converges.

et <Hi>°.1°=1 be a Cauchy sequence. By Definition 16, <Hi>:=] clearly con-
'erges to 11.mi_)<>° Hi’ by Definition 16, clearly 11mi+m Hi e H. O

.EMARK. The reasons to restrict P(z”) to H in the beginning of this chapter
hat did arise when regarding Definition 8 as a set of equations here have
heir topological counterpart: Should distance d be defined on P(Z ) in-
tead of H, then the sets C and C\{<0,0,...>} of Example 2 (and likewise

' and C'\{<0,0,...>} of Example 3) would have distance O but not be equal.

This violates the metric requirement E(C],Cz) =0 C1 = CZ' Now dis-
egard knowledge of the previously defined restriction of P(Zw) to H caused
y ambiguities with regard to solutions of the equations in Definition 1 and
ndicated by the Examples 1-3. (Note, that at that stage no distance be-
ween sets was even defined.) A natural solution of the present problem then,

s the following.




Restrict P(Zw) to only those subsets of Zm, that contain their limi
points in the topology induced by d. Lemma 3 states that this solves the
problem. Not surprisingly, the tree-likeness requirement stated in H is

equivalent to this restriction, as stated in Lemma 2.

By now, we arrive at our first aim, turning Prog -+ (Z-+H) into a co

plete metric space by defining the following natural distance.

DEFINITION 17.

- (¢e)C =  Prog » (ZT-H).

DEFINITION 18. Distance on C.

d(6,56,) = supld(¢;(R)(0), ¢,(R) (o))},
R,0

DEFINITION 19. For a Cauchy sequence <¢i>:= define the limit 1imi+w .

1 i
follows. As <9575 has the Cauchy property, Ve > 0 BNSVZ,m > Ned(¢ﬂ’¢m)
By Definition 18 holds Ve > 0 HNEVZ,m > NSVRVO d(¢£(R)(o), ¢m(R)(o)) < e
Then VRVo, <¢i(R)(o)>°i°=1 is a Cauchy sequence. By Lemma 3, VRVO<¢i(R)(0)

converges to 11mi~>°° ¢i(R)(c). Now define llmi+w ¢i as follows.

VRV (Lim ¢.) (R) (o) = lim(¢. (R) ().

1> 1->©

LEMMA 4. (C,d) Zs a complete metric space.

’ROOF. By standard techniques, e.g. see (8], Chapter 14 Theorem 2.6).

JEFINITION 20.

®: C > C is defined by




R = <Elx:=t> > {<o{V(t) (o) /x}>}

R = <EIS];SZ> >

> <0>‘¢(<E|SI>)(G)A¢(<E|SZ>)(K(¢(<E]SI>)(0)))

w
1

<EIS|VS,> > <0>"6(<EIS,>) (6) U <0>"¢(<E[$,>) (o)

R = <E | if b then S1 else 52 fi> »
if W(b) (o) then <0>“¢(<E|Sl>)(0)

else <0>“¢(<E|52>)(0)

R = <E[P> » <o>"¢(<EISj>), where PEPJ., Pj<=SJ. inE.

lote, that ¢ is well-defined, i.e. V¢ 2(¢) € C, as can be easily seen from

‘he definition.
EMMA 5. ¢ ©s a contraction mapping, namely V¢l,¢2 d(¢(¢1),®(¢2)) < %d(¢],¢2).

'ROOF. Each of the following cases is trivial for o = 1, so from here on

"€ ZO.

‘ase 1. R = <E|x:=t>

v Definition 20

Vo110, Vo0 (6)) (R) () = <a{V(t) (o) /x}>} = 8(4,) (R) (o).
o by Definitions 15 and 18, &(@(¢1),@(¢2)) =0 < %E(¢1,¢2)-
‘ase 2. R # <E|x:=t>, R % <EIS];SZ>.
y Definition 20, V¢Vo &(¢) (R) (o) = <0>"¢(R'")(c), R' as given by the right
iand part of definition 20.

e}

d(2(8,),8(9,)) = sup{d(8(6)) (R)(0),8(4,) (R) (6))}, by definition 18

R,0

= sup{d(<o>"¢, (R") (0),<0>"9,(R") (0)) }
R,0

= ] SUP{E(¢1(R')(O),¢2(R')(c))}, by definition 15
R,o

= } d(¢;,9,), by definition 18.




Case 3. R = <E|S];82>, analogously to case 2.

By now we can, by using well-known topology

above.
LEMMA 6. ¢ has a unique fixpoint.

PROOF. By Lemmas 4 and 5, using standard techniq
p. 305) and ([61, p.2). 0

THEOREM 1. The set of equations of Definition 10
PROOF. Directly from Definitions 10 and 20 and L

Finally, having justified the definition of

tional semantics.

DEFINITION 21. Operational semantics. 0: Prog ~
all R, for all o, O(R) (o) = k(Comp(R) (0)).

For later use we here state the following 1

LEMMA 7.

(1) 0(<E|SI;SZ>)(G) 0(<E|SZ>)°O(<EISI>)(0)

(ii) 0(<Elslv32>)(0) . 0(<EISI>)(0) u 0(<EISZ>)
(iii) O(<E | if b then 5, else s, fi>) (o) = if W(
(iv) O(<E|P>)(0) = 0(<E[Sj>)(c), where P = Pj,

PROOF. Evident from Definitions 10 and 21. O
3. THE DENOTATIONAL SEMANTICS

We here present the denotational semantics
one, treated in Chapter 2, was designed to serve
The method used is the fixed point approach in a
in [15]. The denotational semantics we use great

([5], Chapters 5 and 7), so only a very concise
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r claim made

ology. Cf. ([ 81,

e solution Comp.
0

fine the opera-

fined by: For

(<EISI>)(G)
(<E|Sz>)(c) fi

e operational
tive counterpart.
, as can be found
the one in

given, just




.ng the notions and stating the results we
in Chapter 4.

le start by defining a domain, consisting c

with the Egli-Milner ordering, cf. [10]. Nc
'f results in Chapter 2, with regard to H t

TION 22.
(te)T = {1 € P(Z)[ T finite or
TION 23. Egli-Milner ordering

T C t, iff L € T, and T]\{l} c T

2 1 2

or L ¢ T and T, = T

1 2°

8. (T,B) Zs a cpo.
'e now give the domain of strict functions

TION 24,
P X s T, i.e. ¢y is strict iff (1)
TION 25.
(We)M = > T
he extension: For each y: % e T, P: T a
oy = Aot (W, (0))

byud, = Ao-(wl(c) Uy,(a)).

lor the equivalence
:lection of subsets of

» resemblance to the do-

:he outcome domain of

= ATe UOET v (o) and




DEFINITION 26.

¥y By, iff for all o € I, ¥;(0) C y,(0)

LEMMA 9 . (M,D) <s a cpo.

We now introduce Y € T, where Yy gives meaning to proced

furthermore we define variant of v.

DEFINITION 27.

(ye)T = Pvar > M
DEFINITION 28.
Vv, if P' = P
y{p/P}(P'") ={
vy(®"), otherwise

The following is needed from the theory of cpo's.

DEFINITION 29. (C,E) cpo, f: C > C

(a) x is a fixed point of f iff f(x) = x.
(b) % is the least fixed point uf of f iff:
(i) =x is a fixed point of f;

(ii) for all y, y fixed point of f, x E_y.

JEFINITION 30. (C,D), (C',C) cpo; £: C > C' is continuous if:
(1) X, E_xz =-f(x]) C' f(xz) (monotonicity);

(ii) for each chain <x.>. in C,
1 1=0
f(fﬁo xl) = UO f(x.)

Jotation: £ € [C~C'].

-EMMA 10. Ci cpo, fi e [c">cl, i-= 1,...,n

<fseee,f > € [CT>C"]

riable
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<f ...,fn>(<c1,...,cn>) = <f1(<°1""’°n>)”'"fn(<°1""’cn>)>

1,
Then

o]

£ > = _U <f

L R L

...,fn>k(<1 seensl>)

After these preparations we define the denotational semantics as follows.

JEFINITION 31. Denotational semantics
(a) N: Stat -~ (r+M) is defined by
(1)  N(x:=t) (v) = ro-{c{V(t) (0)/x}}
(1) N(S;38,) () = N(S,) () oN(S,) (v)
(iii) N(s,v8,) (v) = N(S ) () u N(s,) (v)
(iv) N (if b then S, else s, fi)(y)=Xo- if W(b) (c) then N(Sl)(Y)(c)
else N(SZ) (v) (o) fi

b) M: Prog » (T+M) is defined by
M(<E|S>) (y) = N(S)(y{wi/Pi}?=l), where <y ,..., > = u<¥ ,...,¥ > and

- ' n s -
Yy = W ING ) QT /R D, = 1.,

EMMA 11,
A, e AP eN(S L) (v{y!/P.} ) e [M »>M] ] =1 n
1’ > "n j i"717i=1 ’ J e

'HEOREM 2. M Zs well-defined.
'ROOF. Essentially from Lemmas 10 and 11. 0

For later use, in Chapter 4, we here state the following lemmas.
IMMA 12. Ao+N(S) (v) (o) <8 monotone.

iIMMA 13. M(<E|P>) = M(<E|Sj>), where P = Pj’ Pj ¢=Sj in E.
» THE EQUIVALENCE OF THE OPERATIONAL AND THE DENOTATIONAL SEMANTICS

The set-up of the equivalence proof for the two semantics defined in
1e foregoing chapters, i.e. O0(R) = M(R)(y), is as follows.
A natural way to proceed might seem to apply induction on the length

I individual computation sequences in Comn(R) (o) proving
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o' € O(R)(0) = o' € M(R)(y) (0). However, it is only possible to prove this
for o' such that Comp(R) (o) € P(Z+). Namely, if there is an infinite computa-
tion sequence in Comp(R) (c) then L € O(R) (o), as can be directly inferred from
Definitions 7 and 21. It is by no means clear, that in this case also

L e M(R)(y) (0), as the concept of computation sequence belongs to the realm
of operational semantics. So using set inclusion O(R) (¢) < M(R) (y) (¢) is not
possible for this kind of inclusion. Choosing the Egli-Milner ordering

0(R) (o) E_M(R)(Y)(c) with this induction is also impossible, as for this
ordering it is required to prove 0 (R)(o) = M(R)(y) (o) if L ¢ O(R) (o).

The way out we have chosen is to apply, in case Comp(R) (o) € P(Z+), in-
duction on the sum of the lengths of the computation sequences in Comp(R) (o),
thus proving O(R) (¢) = M(R) (y) (0) in this case. In case there is an infinite
computation sequence in Comp(R) (0), and so , by Definition 21, L ¢ O(R) (o),
we prove O(R) (6)\{L} ¢ M(R) (y) (0) elementwise by the above mentioned induc-
tion on the length of individual computation sequences. Thus we yield
2(R) C M(R) (v) . Proving M(R) (y) C O(R) by standard techniques then completes
the proof. ‘

In order to apply induction to the sum of the lengths of the computation
sequences in case Comp(R) (o) € P(Z+) we have to prove that this sum is finite.
This is made explicit by a careful application of an analogue of Konigs lemma.

dne of the well-known formulations of Konig's lemma is the following:

-EMMA. (Kénig's) A finitely branching tree where all branches are of finite

length contains only finitely many nodes.

As we work in the realm of sets of (computation) sequences instead of
rees, we want to restate this lemma using these notions. Restate "finitely
>ranching" by "there are only finitely many different initial segments of
length n, for all n € W", "all branches are of finite length" by "a set of
‘inite sequences', and finally "finitely many nodes" by "finitely many se-
juences".

So the analogue to Konig's lemma seems to be

If in a set of finite sequences there are only finitely many different
initial segments of length n, for all n € IN, then there are only finitely
many different sequences.

Jow this is not true!
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Counter example: {<0>,<0,0>,...}. The reason for this is, that the tree struc-
ture does not allow {<0>,<0,0>,...} as a set of branches in a finitely branch-
ing tree but forces to add <0,0,...>:
_ 0
O//// \\\
.
0 N

0

For a set of finite sequences this is not the case. So an extra requirement
of such a set is to be added. Not surprisingly, taking the set to have a
)roperty analogeous to H for computation sequences is sufficient, as this
reflected the tree-like way in which Comp generated a 'set of computation
sequences’'.

We now give the analogue of Konig's lemma.

EMMA 14. If in a set C of finite sequences {r,...}, r = <8 5850058 s
1 ¢ N, there are only finitely many different initial segments of length n
or all n € N, and C has the following property: C is tree-like Z.e. 1f

there 1s a row of sequences <r£> > Mot necessarily ri e C, such that

1=

. . o
(1) for all i, Bri e C: r; i.s.o0. r,

.. . v :
(ii) for all i, r: i.s.o. i,
(iii) supi{length(ri)} =

then lig ri € C, then there are only finitely many sequences in C.
1

?ROOF. By contradiction. Suppose there are infinitely many different se-
juences. Let G(n) = {rllength(r) =n, r i.s.0. infinitely many different
sequences}. We show by induction that G(n) # @ for all n ¢ N. Induction
’>asis: To prove G(1) # @. As there are only finitely many different initial
segments of length 1 and infinitely many different sequences, G(1) # §. In-
juction step: To prove G(k+1) # @. As there are infinitely many different
sequences but only finitely many different initial segments of length k or
z+1, and G(k) = ® (Ind. hyp.), G(k+1) # @. So G(n) # @ for all n ¢ N. Now
clearly, for all n ¢ N every element of G(n) is initial segment of at least
one of the elements of G(n+l1). So by the axiom of choice there are ;i e G(1)

such that ;i i.s.o. r. =1,2,... . As C is tree-like, this implies that

, 1
1+1
there is an infinite sequence in C. Contradiction. d
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REMARK. Note that the property '"tree-like" had to be brought to the surface

on three fully independent occasions where it was more or less hidden in the

structure of the concepts under consideration: |

(1) In Definition 10 to select tree-like solutions of the equations.

(2) In Definition 15, restricting the distance d to a space consisting of
only tree-like sets.

(3) In Lemma 14 to select sets sufficiently tree-like to prove an analogue

of Konig's lemma for them.

We now show, that for all R and all o, Comp(R) (c) satisfies the require-
ments of Lemma 14. The only requirement left to prove is, that Comp(R) (o)
gives only rise to finitely many different initial segments. This is done

in the following lemma.

LEMMA 15. For all R and all o the following holds for Comp(R) (o) : There are
only finitely many different initial segments of length n, for all n € N,
in Comp(R) (o).

PROOF. Let R = <E|S>. Proof by cases, applying induction on the length of

the initial segment. Let
I(n) (Comp(R) (6)) = {p' | p" i.s.0. p e Comp(R) (c), length (p') =n}

Induction basis: To prove #(I(1) (Comp(R)(0))) < =.

By cases:

(1) S = x:=t. Then Comp(R) (0) = {<o{V(t) (o) /x}>}. Consequently,
#(I(1) (Comp(R)(0))) =1 < =,

(ii) 8 = 5.35,. Then Comp(R) (o) = U{<0>"p"Como(<E|S,>) (k(p)) [
p € Comp(<E|SI>)(o)}, so I(1)(Comp(R) (0)) = {<0o>}. Consequently,
#(I(1) (Comp(R) (0))) =1 < .

Cases (iii), (iv) and (v) of Definition 10 analogeously to (ii) lead to

#(X(1) (Comp(R) (0)) = 1 < =, Induction hypothesis: Assume

#(I(L) (Comp(R) (0))) < =, for 1 £ £ < k. Induction step: To prove

#(I(k+1) (Comp(R) (0))) < o,

By cases:

(1) S = x:=t. Then I(k+1)(Comp(R) (o)) = I(k+1) ({<o{V(t) (0)/x}>}) = @.




Consequently, #(I(k+1)(Comp(R)(c))) = 0 < =,

§,3S,. Then Comp(R) (o) = {<0>"p"Comp(<E|S,>) (k(p)) |

Comp(<EISI>)(c)}. Consequently,

-
>

J

m

#(I(k+1) (Comp(R) (0))) = #(I(k)(Comp(<E|SI>)(c))) +
+ Z{#(I(k+l—(1+1ength(p)))(Comp(<EISZ>)(K(p)))) |
p € Comp(<ElSl>)(c), length(p) < k} < o (Ind. hyp.)

(iii), (iv) and (v) of Definition 10 analogously to (ii) lead to
+1) (Comp(R) (0))) < =. So #(I(n)(Comp(R)(c))) < » for all R, all o, all
I 0

\fter these preparations, we can state Lemma 16, which enables us to
induction on the sum of the lengths of the computation sequences in

) (0) in case Comp(R) (o) € P(x").

16. For all R and all o for which Comp(R) (o) € P(7), Comp(R) (o) s

Lte set.

. It is given that all computation sequences in Comp(R) (c) are finite.
ma 15 there are only finitely many different initial segments of

1 n, for all n € IN. By Definition 10b, and Definition 9, Comp(R) (o)
1e tree-like property as required in Lemma 14. Consequently, by Lemma

ymp(R) (o) in this case is finite. 0

?inally, we arrive at the main theorem of this chapter, stating equiva-

of O(R) and M(R) ().

[TION 32. For
t{length(p) | p € A}, if #(A) < « and,
@ +
A € P(Z ), length(A) = Vo€ A, pe I

© otherwise.

[

M 3. For all R and all vy, O0(R) = M(R) (y).
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PROOF. Let R = <E|S>. We prove VR Vy Vo O(R) () = M(R) (yv) (0). As this holds

trivially for o = L, in the sequel assume 0 € ZO. We prove Egli-Milner in-

clusion in both directions.
(1) O(R)(0) C M(R) (y) (o) as follows.

Case A. If R and o are such that Comp(R) (o) € P(Z+) then O(R) (o) =
= M(R) (¥) (o) proof by cases, applying induction on the sum of the lengths

of the computation sequences. (Justified by Lemma 16.)

(1) S = x:=t

0(<E|x:=t>) (o)

k (Comp (<E|x:=t>) (o))

k({<o{V(t) (o) /x}>])

o{V(t) (o) /x}

M(<E|x:=t>) (y) (o)

N.B. This result holds for all o, as Comp(<E|x:=t>)(0) € P(Z+). By De-
finition 10 only ¢ = 1 or S = x:=t lead to length (Comp(R)(c)) =1, so
the induction basis is provided.
(ii) S = 8,38,
By Definition 10 and Lemma 16, length (Comp(<E|81>)(0)) <
length (Comp(<E|S];82>)(c) < » and
length (Comp(<ElSz>)(K(Camp(<Elsl>)(o)))) <
length (Comp(<E|S];Sz>)(G))‘<m. So by induction 0(<ElSl>)(o) =
M(<ElS,>) (¥) (0) and 0(<E|S,>) (x(Comp(<E|S >) (o) =
M(<E|Sz>)(Y)(K(Camp(<E]S]>)(O)). Consequently,

O(<EISI;SZ>)(0) 0(<EISZ>)oO(<ElSI>)(o), by Lemma 7

0(<E|SZ>)(K(Comp(<E|SI>)(c))), by Definition 21

M(<E1S,>) (1) (< (Comp(<ES ) (6)))

]

M(<Elsz>)(y)(0(<Elsl>)(o)), by Definition 21

M(<ES,>) () oM(<ES >) (v) ()

M(<E|SI;SZ>)(Y)(O), by Definition 31
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Cases (iii), (iv) and (v) of Definition 10 can be treated analogously to
(ii), applying Lemma 13 when treating Case 5.

Case B. If R and o are such that L ¢ Comp(R) (o) then o' # 1, o' ¢

e 0(<E

S>)(c) implies o' ¢ M(<E|S>)(y) (0), proof by cases, applying
induction on the length of computation sequence corresponding to tha
come. There may be more than one sequence satisfying this requiremen
that case choose one arbitrary. We again distinguish the following c
(i) S = x:=t
Immediately by the above proved equivalence 0(<E|x:=t>) (¢) =
M(<E|x:=t>) (y) (0) . By Definition 10 this is the only case perta
ing to length (p) = 1, p € Comp(<E|S>) (0) so the induction basi
provided.
(ii) S = Sl;S2
Consider a computation sequence <0](=c),02,...,0n(=0')> €
Camp(<EISl;Sz>)(o). By Definition 10 there is an intermediate s

Uj # L in this sequence such that <o ...,0j> € Comp(<E[S]>)(o)

>
<oj,...,on> € Comp(<E|Sz>)(cj). As 1§ngth (<02,...,cj>) <
1ength(<01,...,on>) and 1ength(<oj,...,on>) < length (<0],...,0
by induction Oj € M(<E|Sl>)(y)(o) and o' € M(<E|Sz>)(y)(oj). Co
sequently, by Definition 31 o' € M(<E|SI;SZ>)(Y)(6).

Cases (iii), (iv) and (v) of Definition 10 can be treated analogeously t

(ii), applying Lemma 13 when treating Case 5.

fow combining A and B yields VR Vy Vo O(R) (o) C M(R) (v) (o).

(2) Conversely, we prove M(R) (y) E_O(R) as follows:
By Definition 31, it is equivalent to show N(S)(Y{wi/Pi}?=l) C O0(<E|
By Definition 31 and Lemma 10, wi can be defined as follows. Let

<w?s---,wg>==<K0'L,...,Ao-l>

k+1 k+1 k k k k
<1|U1 ""’wn > = <\y](<w1"'"wn>)’""l{]n(<wl”"’lpn>)>’
k = 0,1,...
then ¥. = LI wki=1..n
i k=0 i’ SRR

_ k n o k n .
By Lemma 11, N(S)(Y{wi/Pi}i=l) = Uk=0 N(s)(yiwi/Pi}i=l)' Therefore it
sufficient to show that for all k, N(S)(Y{wi/Pi}?=l) E_0(<EIS>). We
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